Abstract This study presents a fast and exact computational method for crack propagation which is based on the extended finite element method (X-FEM). It is well known that the X-FEM has been developed to be an important numerical method for crack propagation. However, there are still some limitations on the computational cost due to the requirements of very refined meshes and very small iteration step length.
Introduction
A great amount of engineering practice indicates that the quality and stability of engineering structures are closely related to the internal crack propagation. Therefore, prediction of the path of crack propagation and analysis of the stability of crack are significant for estimating the safety and reliability of engineering structures. There are many numerical methods have been developed to simulate crack propagation process.
Such as finite element method (FEM) [1] [2] [3] , boundary element method (BEM) [4, 5] , meshless method [6] [7] [8] [9] , edge-based finite element method (ES-FEM) [10] [11] [12] , numerical manifold method (NMM) [13, 14] , extended finite element method (X-FEM) [15, 16] and so on. In NMM, FEM and ES-FEM, the crack tips must be set at nodes of meshes and cracks have to propagate along the boundaries of element or given paths.
This issue limits the crack propagation in arbitrary lengths and directions. Moreover, these methods usually need a very refine mesh and the model must be regenerated with the propagation of crack. As for the meshless method, it is independent of mesh, so the preprocessing is much easier, but the computational cost is too expensive. The key point of BEM is the fundamental solution of control equation, but it is not easy to establish, especially for nonlinear problem. Compared with above methods, the X-FEM might be the most popular numerical method for crack propagation simulation due to its superiority of modeling both strong and weak discontinuities within a standard finite element framework. The X-FEM was first developed by Belytschko and Black [17] .
They analyzed the crack propagation problem with minimal re-meshing. Then, Dolbow et al [18] . and Moës el al. [19] improved this method by adding a Heaviside function to enrichment function, and this method also has been extended to 3D static crack modeling by Sukumar et al. [20] . Sequentially, a significant development of X-FEM was given by its coupling with the level set methods (LSMs) which is used to track both the crack position and tips [21] . Moreover, the X-FEM has been applied to multiple engineering fields, such as dynamic crack propagation or branching [22] [23] [24] , crack propagation in composites [25] or shells [26] [27] [28] [29] , multi-field problems [30] , multi-3 material problems [31, 32] , solidification [33] , shear bands [34] , dislocations [35] and so on. More details of the development of X-FEM can be found in [16, [36] [37] [38] .
Generally, in order to improve the accuracy of simulation, a very refined mesh with a very small increment of crack propagation or fatigue cycles should be considered.
Correspondingly, the computation cost is expensive. We hope the efficiency of X-FEM might be improved significantly by integrating reanalysis.
Reanalysis, as a fast computational method, is suggested to predict the response of modified structures efficiently without full analysis, and reanalysis method can be divided into two categories: direct methods (DMs) and approximate methods. DMs can update the inverse of modified stiffness matrix quickly by Sherman-MorrisonWoodbury lemma [39, 40] and obtain the exact response of the modified structure, but usually it can only solve the problems of local or low-rank modifications. In recent decades, many achievements have been achieved. For example, Song et al. suggested a novel direct reanalysis algorithm based on the binary tree characteristic to update the triangular factorization in sparse matrix solution [41] . Liu et al. applied Cholesky factorization to structural reanalysis [42] . Huang and Wang suggested an independent coefficient (IC) method for large-scale problems with local modification [43] .
Compared with DMs, approximate methods can solve the high-rank modifications, but the exact response usually cannot be obtained. The approximate methods mainly include local approximations (LA), global approximations (GA) [44] , iterative approximations (IA) [45] and combined approximations (CA) [46] [47] [48] [49] [50] . Moreover, many other reanalysis methods have been proposed in recent years. For example, Zuo et al.
combined reanalysis method with genetic algorithm (GA) [51] . Sun et al. extended the reanalysis method into a structural optimization process [52] . To improve the efficiency of reanalysis method, He et al. developed a multiple-GPU based parallel IC reanalysis method [53] . Materna et al. applied the reanalysis method to nonlinear problems [54] .
In this study, a fast computational method named decomposed updating reanalysis (DUR) method is proposed to model crack propagation under the framework of X-FEM. 4 It is observed that modeling crack propagation by the X-FEM will bring the additional DOFs in each iteration and it will lead to a local change of stiffness matrix. Considering this characteristic, the DUR reanalysis method theoretically can improve the efficiency of X-FEM significantly. Moreover, a local updating stiffness matrix strategy is suggested to improve the efficiency of stiffness matrix assembling. Furthermore, in order to guarantee the accuracy and efficiency of the DUR method, a local strategy has been introduced to update the Cholesky factorization of stiffness matrix efficiently.
The rest of this paper is organized as follows. The basic theories of X-FEM are briefly introduced in Section 2. The details of DUR method are described in Section 3. Then, several numerical examples are tested in Section 4 to investigate the performance of the DUR method. Finally, conclusions are summarized in Section 5.
Basics theories of XFEM

X-FEM approximation
In the X-FEM, the standard FEM shape function should be enriched by the enrichment function. Assume that the enriched displacement approximation of X-FEM can be defined as: 
where  is the solution domain, 
The discrete X-FEM equations are obtained by substituting Eq.(2) into the principle of virtual work. Assume that the discrete equations can be defined as 
Crack propagation model
Generally, the direction and magnitude of crack propagation at each iteration are used to determine how the crack will propagate. The direction of crack propagation is found 6 from the maximum circumferential stress criterion and the crack will propagate in the direction where   is maximum [55] . The angle of crack propagation is defined as
where  is defined in the crack tip coordinate system,
I
K and II K are the mixedmode stress intensity factors. The details are given in the reference [55] .
There are two main quasi-static manners when modeling crack growth. The first one assumes a constant increment of crack growth at each cycle [18] while the other option is to assume a constant number of cycles and apply a fatigue crack growth law to predict the crack growth increment for the fixed number of cycles [56] . In this study, a fixed increment of crack growth a  is considered.
3 Decomposed updating reanalysis method
Framework of the DUR method
The DUR method is proposed to model quasi-static crack propagation under the framework of X-FEM and the framework of the DUR method is presented in Fig. 2 . Fig. 2 The framework of the DUR method It can be found that the DUR method mainly includes three parts: local updating stiffness matrix strategy, local Cholesky factorization updating strategy and DUR method. The local stiffness matrix updating strategy is suggested to improve the efficiency of stiffness matrix assembling according to the characteristic of X-FEM.
Moreover, considering the local change of stiffness matrix, the DUR method is used to improve the efficiency of the X-FEM. Furthermore, in order to guarantee the accuracy and efficiency of the suggested reanalysis method, a local strategy has been introduced to update the Cholesky factorization of stiffness matrix efficiently. More details can be found in Section 3.2, 3.3 and 3.4.
Local stiffness matrix updating strategy
As mentioned above, the stiffness matrix can be given as the following form, and each 
Consider that N A B
  , only a small part of stiffness matrix needs to be updating in each iteration. Therefore, it should be high efficient and leads to a drastic decrease in stiffness matrix assembling cost.
Decomposed updating reanalysis strategy
The DUR strategy is used to predict the response of the current iteration by using the information of the first iteration. The DUR method avoids the full analysis after the first iteration, and the response of the subsequent iterations can be efficiently obtained.
Assume that the equilibrium equation of the i-th iteration is
where
U is the displacement in the i-th iteration, and the equilibrium equation of the first iteration can be given as
Assume that the solution of the equation in the i-th iteration can be defined as
then substitute Eq. (9) into Eq. (7),
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Define the residual value of displacement δ as
then Eq.(11) can be written as
Consider that only a small part of stiffness matrix will change in every iteration, the most part of δ should be zero. Based on this property, the
two blocks: unbalanced and balanced blocks, according to Eq. (14):
If
, the j-th DOF is unbalanced, otherwise the j-th DOF is balanced.
Accord to this, the Eq. (13) can be rewritten as
where m is the number of balanced DOFs, and n is the number of unbalanced DOFs.
Equation (15) can be rewritten as
and
Obviously, Eq. (16) 
where nn E is a rank-n unit matrix.
Define the general solution of Eq. (16) is
11 where y is a dimension-n vector. 
and then the Cholesky factorization of 
where mm L and nn L are lower triangular matrices.
Compared with Eq. (21), it can be found that
Therefore, the fundamental solution system B can be calculated by Eq. (18), and the Cholesky factorization of stiffness matrix in the first iteration can directly re-used.
In order to describe this method more clearly, the   i mm K can be associated with Fig. 4 .
Assume that the left of Fig. 4 is the first iteration, and the right of Fig. 4 is the second iteration. Then the stiffness matrices of first and second iterations can be shown as Fig.   6 and Fig. 7 respectively.
12 Fig. 6 The stiffness matrix of the first iteration Fig. 7 The stiffness matrix of the second iteration
It can be found that the red-marked part is constant in Fig. 6 and 
and the
Local Cholesky factorization updating strategy
Generally, the accuracy and efficiency of the direct reanalysis methods are depended on the percentage of changed part. The accuracy and efficiency will be unavailable when the percentage of changed part is too large. Therefore, a suitable critical value of 13 changed percentage should be stipulated, and usually 5% is chosen for the critical value [57] .
For the DUR method, the changed part covers the unbalanced DOFs. Define the percentage  as the following form:
where n is the number of unbalanced DOFs and N is the number of total DOFs. In order to guarantee the accuracy and efficiency of the reanalysis method, a suitable critical value of  should be set. In this study, 5% is also chose as the critical value of  , so the initial informations are need to be updating when the 5%
  and the key issue is
how to obtain the Cholesky factorization of the initial stiffness matrix efficiently.
Therefore, a local updating Cholesky factorization strategy has been suggested. This strategy is based on the property that only a small part of stiffness matrix will change in each iteration, so that the Cholesky factorization of modified stiffness matrix can be updating based on the Cholesky factorization of initial stiffness matrix. An example is given to explain this strategy, which is based on Fig. 6 and Fig. 7 .
Assume Fig. 6 as the initial stiffness matrix and Fig. 7 as the modified stiffness matrix.
Recall the Cholesky factorization of initial stiffness matrix takes the form 
where 
Compared with Fig. 6 ,
K can be considered equivalent to 
and compared with Fig. 7 , L is much large than other parts. Therefore, the strategy should save much computational cost than calculate the Cholesky factorization of the entire stiffness matrix directly.
Numerical examples
In order to test the accuracy and efficiency of the DUR method, three examples are tested by the proposed methods. These three cases involve edge and center crack propagation, concentrated and uniformed load problems, thus the performance of the DUR method could be verified thoroughly. In this study, the comparison has been made between the DUR and full analysis, and the errors of displacement, Von Mises stress and Von Mises strain are defined by the following formulas: Moreover, in order to investigate the performance of the DUR method, the CPU running time which cost by the full analysis and DUR method has been recorded and all the simulations were performed on an Intel(R) Core(TM) i7-5820K 3.30GHz CPU with 32GB of memory within MATLAB R2016b in x64 Windows 7.
Edge crack in a plate with a hole
The problem shown in Fig. 8 is an adaptation of an example presented in reference [58] .
The initial crack length is 0 10 a mm  , the force Fig. 8 The geometry of edge crack in a plate with a hole 16 Fig . 9 The result of edge crack in a plate with a hole in the reference [58] Then solve this case by the DUR method and only the first iteration need to be calculated by full analysis method while other iterations should be predicted efficiently by the DUR method. In order to investigate the accuracy of the DUR method, The comparisons of displacement and stress between the DUR and full analysis are illustrated in Fig. 10 and Fig. 11 , respectively. It is obviously that the result of DUR method and full analysis are almost the same. Compared with Fig. 9 , it is proved that the DUR method is accurate. Moreover, the errors of each iteration which defined by Eq.(36) and Eq.(37) are shown in Fig. 12 . It can be found that the DUR method is accurate. The computational costs of the DUR and full analysis are also listed in Tab.
1. It shows that the computational cost of the DUR method is much cheaper than the full analysis method. Moreover, the computational result of crack tip coordinates are shown in Tab. 2 and the result of the DUR and full analysis are also the same. 
Edge crack in a plate with a circular inclusion
As shown in Fig. 13 , a plate with a circular inclusion is considered. The comparisons of displacement and stress are shown as Fig. 14 and Fig. 15, Fig. 15 presents the Von Mises stress results of iteration 1, 20 and 40. It is obviously that the result of DUR method is very close to the full analysis method. Furthermore, an error list of some selected iterations is shown as Fig. 16 . It can be found that the DUR method is highly accurate because the maximum of error is 
Center crack in a plate with a circular inclusion and a hole
A center crack in a plate with a circular inclusion and a hole is considered as shown in 
Accuracy and efficiency comparison
Three numerical examples have been tested in this section and it can be found that the DUR is an accurate and efficient and method. Moreover, a representative case has been calculated by the DUR method under different computational scales from 1000 to 100,000 to fully investigate the efficiency of the DUR method. The log-log plots of comparison results are shown in Fig. 21 , Fig. 22 and the error analysis is also shown. Fig. 21 The comparison of computational cost used in solving equilibrium equations 27 Fig . 22 The comparison of computational cost used in stiffness matrix updating
It can be found that the efficiency of the DUR method is much higher than the full analysis method, and the advantage is more obvious for large scale problems. It is obvious that the accuracy should be improved significantly with the increase of DOFs.
Accord to Fig. 21 , it can be observed that the accuracy of the DUR method is very high, and the DUR can be regarded as an exact method. Moreover, the computational cost of stiffness matrix updating was also plotted, and Fig. 22 shows that the local updating strategy largely reduces the computational cost of stiffness matrix updating than traditional global updating strategy.
Conclusions
In this study, the DUR method is proposed for crack propagation. The DUR method consists of three strategies: local stiffness matrix updating, decomposed updating reanalysis, local Cholesky factorization updating strategies. Considering the characteristic of local change of stiffness matrix during X-FEM iterative procedure, the local stiffness matrix updating method can achieve the modified stiffness matrix quickly, and the local Cholesky factorization updating strategy is used to guarantee the accuracy and efficiency of the DUR method. More importantly, the decomposed updating 28 reanalysis strategy is suggested to improve the efficiency of solving the equilibrium equations significantly. Therefore, the DUR method not only reduces the computational cost of solving equilibrium equations but also saves computational cost of stiffness matrix assembling.
Numerical examples show that the DUR method is accurate for the crack propagation.
For both the edge and center crack propagation, the accuracy of DUR method is very high. The log-log plots show that the efficiency of DUR method is much more higher than full analysis, and the advantage is more obvious for large scale problems.
Moreover, compared with other reanalysis method, the comparisons of stress between DUR and full analysis are made, and the stress can be obtained accurately and efficiently.
